Abstract: In the present paper we investigate the ground state energy of a massless scalar field and generation of topological mass by considering a quasi-periodically identified Minkowski spacetime and the 'half-Einstein Universe', that is, an Einstein Universe where the massless scalar field propagates under Dirichlet boundary condition. The analysis is performed considering one and two-loop corrections to the effective potential in both cases. Our results are compared with previous results found in literature.
Introduction
The study of effective potentials plays an important role in quantum field theory as a powerful tool to solve several problems. The effective potential is a function where its minimum, when it exists, is the vacuum state of the theory and can be expanded in power series of such that we can obtain higher-order quantum corrections without losing the information about its classical aspects [1] . Such method has proved especially useful for the study of vacuum stabilities and spontaneous symmetry breaking [1] [2] [3] . Jona-Lasinio in Ref. [2] , for instance, considered the effective potential method to understand spontaneous symmetry breaking, and Coleman and Weinberg in Ref. [1] analyzed spontaneous symmetry breaking taking into consideration radiative corrections. In addition, Huang et al. considered the effective potential for a λφ 4 theory using a 10 4 lattice [3] . Higher-order corrections was investigated in curved spacetime by Odintsov in [4] and vacuum stabilities were studied by Einhorn et al. in Ref. [5] , with focus on non-convex behaviour for radiative corrections. The role of effective potentials was also studied in the context of superfield gauge theories [6] .
One of the most interesting ways to obtain an effective potential is by using the pathintegral method for quantum field theory, developed by Jackiw [7] . The path-integral method is interesting because allows us to use the Feynman graphs to guide us through the expansion of the effective potencial. By adopting this method, Toms studied the Casimir effect (vacuum energy), symmetry breaking and generation of topological mass in Refs. [8] [9] [10] . In [8] , for instance, the vacuum energy and generation of topological mass for a scalar field with a λφ 4 self-interaction in a periodically identified Minkowski background was discussed. By using the ζ-regularization method, on the other hand, Toms studied in Ref. [9] loop corrections to the vacuum energy and formation of topological mass for a massless scalar field considering spacetimes with a non-trivial topology. Among them, the periodically and anti-periodically identified Minkowski spacetime and the Einstein Universe spacetime. In Ref. [10] an interacion between the twisted and untwisted scalar fields was also taken into consideration to study symmetry breaking and generation of topological mass.
The importance of spacetimes with nontrivial topology in the process of modifying the quantum vacuum fluctuations of relativistic fields is without doubt of great interest. One of the effects of the modification of the quantum vacuum manifests itself through the Casimir effect [11] [12] [13] . Even in Minkowski spacetime, when the relativistic field is submitted to boundary conditions, such as Dirichlet boundary condition, a nonzero renormalized vacuum energy (the Casimir effect) arises as a consequence of the perturbation of the quantum vacuum. This phenomenon has been experimentally verified in the case of the electromagnetic field [14] [15] [16] [17] [18] [19] [20] [21] . Thus, it was observed that, indeed, when two discharged parallel plates with neglected gravitational interaction are put very close to each other in the vacuum, an attractive force between them takes place as a result of the modification of the quantum vacuum fluctuations. In the case of non-Minkowskian spacetimes, the nonzero renormalized vacuum energy arises due to the non-trivial topology of the spacetimes [11, 12] .
In the present work we wish to follow the same line of investigation as in Refs. [8] [9] [10] . We shall consider loop corrections to the vacuum energy of a massless scalar field and generation of topological mass taking into account a quasi-periodically identified Minkowski spacetime and the so called half-Einstein Universe spacetime. Namely, by half-Einstein Universe we mean a scalar field propagating in the Einstein Universe under Dirichlet and Neumann boundary conditions. This spacetime has been considered previously in Ref. [22] [23] [24] . Regarding the quasi-periodic condition, it has been considered previously in several context, for instance in [25] . Our results, as we shall see, recover the previous results found in Refs. [8, 9] .
This work is organized as follows. In section 2 we briefly review how to obtain the effective potential by means of the description of path-integral method. In the subsequent sub-sections we consider the calculation, at one and two-loop corrections to the effective potential, of the ground state energy and topological mass production in the quasi-periodically identified Minkowski spacetime and the half-Einstein Universe. Finally, in section 3 we present our conclusions. Throughout the paper we use natural units = c = 1.
Loop corrections and topological mass
Let us start this section by briefly review some aspects of the path integral approach in order to obtain the effective potential. In this sense, a non-minimally coupled (to curvature) scalar field theory is described by the following action:
where M is a Lorentzian spacetime, g = det(g µν ), R is the Ricci scalar, φ represents a scalar field whilst U (φ) is the classical potential. We shall focus our attention on the self-interacting massless scalar field theory λφ 4 . In this case, U (φ) takes the following form
where C is a renormalization coupling-constant.
The next step, as usual, is to perform a Wick rotation (t → −it) in the action such that the Lorentzian spacetime (M) is suitably converted into a Euclidean one (E) . Taking it into account in the aforementioned action, we turn out getting the Euclidean action, as defined below:
In order to make a quantum description we shall allow the field φ to fluctuate around a fixed background field, Φ, with the fluctuations represented by the quantum field, ϕ. Thus, one can describe the Euclidean effective action Γ E [Φ] as the generating function of the one-particle-irreducible Green function (see Ref. [9] for a detailed review):
where the integration is performed over all quantum field configurations. Generally, Eq. (2.4) is treated perturbatively by expanding the effective action in power series of (loop expansion). This also allows us to introduce an effective potential that is written in terms of Γ E [Φ], and that can also be expanded in power series of . Explicitly, we have
where vol(E) is the volume of the Euclidian spacetime. As a consequence, the effective potential is written as 6) where
is the tree-level contribution to the effective potential, V (1) (Φ) and V (2) (Φ) the first and two-loop corrections, respectively, and we have taken = 1. Note that we have performed a linear expansion about the classical field Φ, i.e., φ → Φ + √ ϕ [9] . Note also that we have only considered quantum perturbations up to two-loop corrections, which is our interest here.
The expression for the first-loop correction to the effective potential is given in terms of the zeta function ζ(s), that is,
where the prime stands for the derivative of the zeta function with respect to s and the term ζ(0) log µ 2 is to be removed by renomarlization condition [9] . The zeta function present in Eq. (2.7) is defined as 8) where λ N is the spectrum of eigenvalues associated to the self-adjoint elliptic operator ∆ = − + R 6 + V cl (Φ) and N stands for the set of quantum numbers associated to the quantum field eigenfunction ϕ of the operator ∆. Note that we used the shorthand notation
Note also that the zeta function (2.8) relies on the complex parameter s which is defined for Re(s) > 1. Evidently, an analytic continuation to the whole complex-s plane can be obtained for the zeta function, including, in particular, s = 0. Therefore, the regularized one-loop correction for the effective potential can be obtained by using the zeta function as defined in (2.8).
(b) (a) Figure 1 . The figure displays the two graphs contributing to the effective potential
To evaluate the two-loop contribution to the effective potential we will proceed in a different way from the one-loop contribution. The reason is simply because only two graphs contribute effectively to the effective action. So, it is more convenient to use the diagrammatic method rather than explicitly evaluate the full two-loop contribution to the effective potential. In this sense, Fig.1 displays the graphs that should be taken into consideration to calculate the complete expression for the two-loop effective potential. Hence, the two-loop contribution to the effective potential is written as
where S 1 (Φ) and S 2 (Φ) are the contributions from the diagrams 1(a) and 1(b), respectively. In order to know the exact expressions for S 1 (Φ) and S 2 (Φ) we need to specify the topology of the spacetime. In our case, we will consider spacetimes with non-trivial topology and, as a consequence, the Feynman rules are similar to the ones for field theory in finite temperature, as remarked in Ref. [9] . Furthermore, as we will work with the vacuum state, Φ = 0, the second term on the r.h.s of (2.9) does not contribute to our results. An explicit form for S 1 (Φ) will be given in the next (sub)-sections where we shall examine two different spacetimes with non-trivial topology. The first of then is the quasi-periodically identified Minkowski spacetime and the second one is the half-Einstein Universe. Renormalization conditions to obtain a finite effective potential should yet be considered [9] . However, as we have only a renormalization constant, this implies that just one renormalization condition should be held. It can be taken in analogy to Colleman-Weinberg and fix the coupling-constant at some mass scale M , i.e.,
(2.10)
Such a condition enable us to eliminate the dependence on µ in the one-loop correction of the effective potential (2.7). Now, in order to examine the generation of the topological mass it is necessary imposing the following equation:
where m represents the topological mass and v is some value that minimizes the effective potential. In order for the value Φ = v be the minimum of the potential it should satisfy the extremum condition
Thus if the sign of Eq.(2.11) is positive we conclude that v is a minimum of the potential, otherwise is a maximum.
Flat spacetime: massless scalar field under quasi-periodic condition
The procedure to calcule the eigenvalues of energy of a massless scalar field under quasiperiodic condition in four-dimensional Minkowski spacetime is quite simple [25] . We can then make use of this fact to calculate the eigenvalues v n of a massless scalar field eigenfunction ϕ n associated to the operator ∆ = − + R 6 + V cl (Φ), as described in the previous section. One should remind, though, that the -operator is defined in the four-dimensional Euclidian space and time. Thereby, by subjecting a massless scalar field ϕ to the quasiperiodic condition [25] 
one finds the following eigenvalues:
where R = 0 in flat spacetime,
.., and 0 ≤ β ≤ 1. That is, the z-coordinate has been compactified into a length L in order to impose on the field the quasi-periodic condition (2.13). Moreover, one should notice that the case β = 0 represents an untwisted scalar field and the case β = 1 2 a twisted one. Both of these cases have already been previously considered in Ref. [9] . Here, we want to consider a more general situation expressed by means of the parameter β.
The generalized zeta function is, thus, written as 15) where V 3 is the continuum volume associated to the dimensions t, x, y and d 3 k = dk t dk x dk y . The integral above can be evaluated by using the relation
By doing so we find
where
L . The sum in n considered in Eq. (2.17) has been worked out before in Ref. [25] so that we will simply use it here. It is given by 18) where K γ (x) is the Macdonald function. Thereby, the generalized zeta function in Eq. (2.17) becomes 
Note that, in what follows, the limit s → 0 means we in fact have to considers → − 3 2 . Thus, in this case, the one-loop correction to the effective potential given by Eq. (2.7) is written in terms of
and
where b 2 = λ 2 Φ 2 and V 3 L is the four-dimensional volume of the Euclidian space and time. Then, by using Eqs. (2.21) and (2.22), the one-loop correction is given as
The normalization constant C is obtained, after taking L → ∞, by using Eq. (2.10). Then, it provides
which does not depend on L and, therefore, is the Euclidian (Minkowski) contribution. The use of the normalization constant into Eq. (2.23) allows us to write the renormalized effective potential with one-loop correction as
It is clear that, by taking the limit L → ∞, we obtain the widely known Coleman-Weinberg effective potential, showing the consistency of our results.
The state Φ = 0, characterizing the ground state at the tree-level of the effective potential, provides the Casimir energy density through the expression (2.25) , that is,
This result is definitely finite and this can be better seen by using the Bernoulli polynomials 27) where k = 0, 1, 2, ... . Thereby, the expression (2.26) becomes 28) which is the same result obtained by the authors in Ref. [25] , as it should be. It is also worth mentioning the fact that the expression (2.28), provides the right results for the untwisted (β = 0) and twisted β = 1 2 cases. Both of these cases were separately analyzed by the author in Ref. [9] .
The stability of the ground state is examined by means of the condition (2.11). If it is negative, Φ = 0 is a local maximum, otherwise is a local minimum and provides a topological positive mass. Thus, by using (2.11) and making Φ = 0 we get
To the best of our knowledge, this expression has been obtained for the first time here. It is evident that the result in Eq. (2.29) is not positive for all values of β between zero and one. In fact, it is consistent with the results for the untwisted (β = 0) and twisted β = 1 2 cases obtained in Ref. [9] . For the twisted case, the expression above is negative and may indicate instability, as pointed out in Ref. [10] . In Fig.2 we have plotted the dimensionless quantity M = 4L 2 m 2 λ against the parameter β. We can see that it is positive only for β < 0.2 and for β > 0.8, making the tree-level vacuum state Φ = 0 stable. All the other values of β, including the value that provides the twisted case, give a negative result for the expression (2.29). Let us now calculate the two-loop contribution to the vacuum energy density. In order to do that, we have to make use of the expression in Eq. (2.9), taking Φ = 0. In this case, there is only contribution from the first term on the r.h.s side of (2.9). Thus, from the graphs in Fig.1 we have 31) where ζ R (1) means that the expression (2.19) was taken at s = 1, dropping its first term. Finally, from Eq. (2.9), the two-loop contribution to the effective potential is given by
Plot[meff[x], {x, 0, 1}]
Note that, in the general expression above, when one considers the untwisted and twisted cases the results coincide with the ones found in Ref. [9] . This shows the consistency of our regularization method by making use of the zeta function (2.19).
Massless scalar field in the 'half-Einstein Universe'
The static Einstein Universe has already been considered previously in several works [9, [26] [27] [28] [29] . In Ref. [9] , for instance, the author considered loop corrections to the ground state energy density of a massless scalar field, and also generation of topological mass. Here, on the other hand, we wish to consider the static Einstein Universe subjected to a Dirichlet boundary condition. This has been called by the authors in Refs. [22] [23] [24] as 'half-Einstein Universe'. The eigenvalues of energy of a massless scalar field in this scenario has also been found in Ref. [22] and, in our case, we can make use of this. Thus, the eigenvalues of a massless scalar field, subjected to Dirichlet boundary condition, and which is also eigenfunction of the operator ∆ = − + R 6 + V cl (Φ), is given by
where the curvature scalar R = 6 a 2 has been used, a is the constant scale factor and k t is the momentum associated to the t-coordinate. Note that the -operator is defined in the geometry of the static Einstein Universe.
The generalized zeta function is, then, built out from (2.33) and (2.8). It is written as
where L t is a parameter with dimension of length and
2 n(n − 1), with n = 1, 2, 3, ... [22] . In the case Neumann boundary condition is used, the eigenvalues are the same as (2.33) but with a degeneracy given by d N (n) = 1 2 n(n + 1). Thereby, using again the relation in Eq. (2.16) we get
where ν 2 = a 2 λ 2 Φ 2 . In order to perform the sum in n present in Eq. (2.35) it is convenient to break it into two contributions: one with multiplicative factor given by n 2 and the other with multiplicative factor given by (−n). Let us start with the former. This contribution is written as 
where Re(s) > 1/2 and ν 2 ≥ 0. A very useful expression for (2.37) that provides an analytical continuation for other values of s is given by [30, 31] 
where f γ (x) has been defined in Eq. (2.20). By using (2.38) in Eq. (2.36) we are able to obtain
Let us now turn our attention to the second contribution. From Eq. (2.35) we can see that it is written as
In order to perform the sum in n exhibited in the above expression we can make use of the Abel-Plana formula given by [28, 29] 
where, in our case, F (n) = n ν 2 + n 2 1 2 −s . Taking into consideration the latter, the first term on the r.h.s of (2.42) is zero. Furthemore, the second and third terms are, respectively, given by
and 
−s) (2πkν) .
(2.46)
This expression allows to take the limit s → 0, or equivalentlys → − 1 2 . This gives
and ζ II (0) = 0. We can see that the latter does not give any contribution to the one-loop effective potential. The only contribution would come from Eq. (2.47), but this term enters as a factor of ln(µ 2 ) and will be subtracted by the renormalization constant C, as we shall see below. Note that adopting the Neumann boundary condition would only change the sign of (2.47).
The effective potential with one-loop correction now can be obtained using Eq. (2.7), and the results in Eqs. (2.39), (2.40) and (2.47), that is,
where we have used R = 6 a 2 , b 2 = λ 2 Φ 2 and the four-dimensional spacetime volume of the Einstein Universe V = 2π 2 L t a 3 [9] . Had we used Neumann boundary condition, the first term in brackets on the r.h.s of (2.48) would be 19b 4 3 ln(µ 2 ) as a consequence of the change in sign of (2.47). Ultimately, this will not contribute to the renormalized one-loop effective potential, providing that the ground state energy at one-loop is not affected by whether the boundary condition is Dirichlet or Neumann.
The normalization condition expression in Eq. (2.10) can by applied for the effective potential (2.48), after taking a → ∞. This provides
Furthermore, by using this into Eq. (2.48) we obtain the renormalized effective potential with one-loop correction as
(2.50) Thereby, the energy density of the ground state Φ = 0 follows from the renormalized oneloop effective potential. It is found to be 90 follows from the usual Riemann zeta function [30] . As we have mentioned before, the expression (2.51) is the same no matter if the boundary condition is Dirichlet or Neumann. Moreover, although we have obtained the result in Eq. (2.51) using loop corrections it had already been obtained previously by the authors in Ref. [22] . So, our result agrees with the one reported in the latter.
What is new here, to the best of our knowledge, is the topological mass obtained by the condition (2.11). It gives . It is interested to mention that the numerical factor in the second term on the r.h.s of (2.52) is half of the numerical factor of the one in Eq. (70) of Ref. [9] . Since λ is small, expression (2.52) is always positive.
The two-loop contribution to the vacuum energy can be obtained in the same spirit as in the previous (sub)-section. The only contribution to the vacuum energy, obtained at Φ = 0, comes from the first term in the r.h.s of Eq.(2.9). This term can be calculated with the help of the graphs in Fig.1, i .e.,
where we have to take s = 1 and ζ(s) = ζ I (s) + ζ II (s) is given in terms of Eqs. (2.36), (2.38) and (2.46). Again, if we naively take s = 1 in the expression for the generalized zeta function, to calculate the integral (2.53), we will find a divergence coming from the second term on the r.h.s of (2.38). However, once this term is divided by 2π 2 a 3 L t we can see that it does not depend on a and can be dropped. The result is then
where ζ R (1) means that the expression ζ(s) was taken at s = 1, dropping the second term on the r.h.s of (2.38). Thus, we finely have the two-loop contribution to the vacuum energy
(2.55)
The numerical factor is one fourth of the numerical factor of Eq. (73) in Ref. [9] . The two-loop contribution to the vacuum energy above also does not depend on whether the boundary condition is Dirichlet or Neumann. To the best of our knowledge, the result in Eq. (2.55) has been for the first time obtained here.
Conclusions
We have investigated the ground state energy (Casimir effect) in the λφ 4 theory nonminimally coupled to gravity. In addition, we have given a brief review about some aspects on path integral approach, emphasizing the quantum corrections to the effective potential up to two-loop corrections and the mechanism of generation of topological mass by considering a quasi-periodically identified Minkowski spacetime and the half-Einstein universe, that is, an Einstein Universe where a massless scalar field propagates under Dirichlet boundary condition. We have found a renormalized effective potential in both cases considered, Eqs. (2.25) and (2.50). At the tree-level graph there is no ground state energy different from zero while considering one and two-loop corrections there are nonzero contributions.
In the quasi-periodically identified Minkowski spacetime case, a nonzero ground state energy at Φ = 0, Eq. (2.28), was obtained from the one-loop correction to the effective potential, Eq. (2.25). This result obtained here by means of the effective potential has already been obtained before in the literature and shows the consistency of our approach. A nonzero contribution to the ground state energy at two-loop levels has also been obtained in Eq. (2.54) as well as the topological mass, Eq. (2.29), generated by the quasi-periodic condition (2.13). This new general result obtained here is consistent with previous results found in literature for the twisted and untwisted scalar fields. The behaviour of the topological mass with respect to the phase β is plotted in Fig.2 .
On the other hand, in the half-Einstein Universe case, a nonzero ground state energy at Φ = 0, Eq. (2.51), was also obtained from the one-loop correction to the effective potential, Eq. (2.50). This result has already been obtained in literature by other method and, as in the case for the quasi-periodically identified Minkowski spacetime, shows the consistency of our approach. Moreover, the new results obtained in this case was the topological mass, Eq. (2.52), and the two-loop contribution to the ground state energy in Eq. (2.55).
